
 
 

CIRCULAR CONVOLUTION AND FOURIER DISCRETE TRANSFORMATION 

Mircea Ion Cîrnu1 

ABSTRACT 

We present the discrete circular convolution and its algorithms of calculus. Using discrete 
Fourier transform can be determined the circular deconvolution, ie the circular 
convolution inverse. We exemplify these concepts by solving an equation of circular 
convolution. This type of  convolution product is applies to the periodic phenomena, 
discretely analyzed. By this paper we continue the series of articles about the types of 
discrete convolution products and their applications, some of which being cited in the 
References. 

Keywords: Circular convolution, circular deconvolution, discrete Fourier transform, 
circular convolution equations.  

1. DISCRETE CIRCULAR CONVOLUTION 

Being given two finite sequences  110 ,,,  Nxxxx   and  110 ,,,  Nyyyy   of the 

same of the same length N , is called discrete circular convolution of period N  the 
sequence  110 ,,,  Nzzzyxz  ,  where  
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The circular convolution can be considered also for sequences of different lengths, by right 
completion with 0, such that the two sequences to be of the same length.  

2. ALGORITHMS FOR CALCULUS OF DISCRETE CIRCULAR 
CONVOLUTION 

We give three types of circular convolution algorithms, which we will exemplify by the 
example      109,73,91,111,1028,9,3,76,5,4,2,1  .   

Circular algorithm 
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The elements of the longer sequence sits outside on a circle in direct sense, i.e. contrary to 
clockwise motion and the elements of the shortest in the interior of the circle, in indirect 
sense, i.e. in the sense of clockwise. Its first elements must stand beside one another. 
Multiply the elements of the two sequences that stand beside one another and add the 
results. Then move one position the interior sequence in the sense of clockwise and do the 
same operations. It is finished when the first element of the interior sequence is beside the 
last element of the exterior sequence. The numbers resulted by this procedure are the 
elements of the circular convolution.     

Bilinear algorithm 

The longer sequence is placed from left to right twice. Below it is placed the second 
sequence from right to left, its first element being under the first element of the above 
second sequence. Multiply the elements of the two rows that stand beside one another and 
add the results. Then move one position to the right the bottom sequence and do the same 
operations. It is finished when the first element of the bottom sequence is beside the last 
element of the above second sequence. The numbers resulted by this procedure are the 
elements of the circular convolution.     

Exemple. 
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Aliasing algorithm 

This algorithm, the simplex, consists in performing linear complete convolution (see [1] or 
[6]) of the two sequences and adding to the part from resulting product with the same length 
as the longest sequence factor, the remaining part.   
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3. DISCRETE FOURIER TRANSFORM 

The Fourier transform of the finite sequence  110 ,,,  Nxxxx   is the sequence  

   xFxxxx N  110 ˆ,,ˆ,ˆˆ  , with  
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where Ni
N e  2  is the  N  order complex root of the unity, i.e.    

                                     12sin2cos2    ie iN
N   

and 12   N
Ni

N e    is the complex conjugate.  

Theorem 1. The inverse transform is given by the relation  
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Proof.  Using the formula for sum of a geometric progression, we have 
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because, for kj  , we have   1 Njk  and 1 jk . It results the formula (3).  

Remark. The direct and inverse discrete Fourier transforms are matrix written 

XFXF N)ˆ( , respective XFXF N
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Particularly, for 4N , we have  
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4. THE DISCRETE FOURIER TRANSFORM OF THE CIRCULAR 
CONVOLUTION 

Theorem 2. For two column matrices  TNxxxX 110   and    TNyyyY 110   , 

we have the formula of discrete Fourier transform of the circular convolution,  

                                 TNN yxyxyxYXYXF 111100 ˆˆˆˆˆˆˆˆ
  ,  

 



 
 

the product of the column matrices  110 ˆˆˆˆ
 NxxxX   and  110 ˆˆˆˆ

 NyyyY   from the 

right hand of the above formula being performed on elements. 

Proof. In conformity with above definitions and iterating the sums, an arbitrary component 
of the discrete Fourier transform of the circular convolution of the matrices X  and Y  is 
given by the formula 
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Making the changes of variables jkm   in the first term and  Njkm   in the 
second term from the last formula, we have 
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5. CIRCULAR CONVOLUTION EQUATIONS. 

Using the discrete Fourier transform method, we solve as example a circular convolution 
equation: 

Example. Solve the circular convolution equation of period four,  

 

                                                            BXA  ,  

where  TA 1991  and  TB   881212 . To make 

discussion after the real parameter   and checking of obtained solution.  

Solution. We denote 21 BBB  , where  TB 8812121  , 

 TB 11112  ,  TxxxxX 3210  and 



   TxxxxXXF 3210 ˆˆˆˆˆ  . Apllying  the discrete Fourier transform on the 

equation, this take the form  
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ˆ BFBFXAF  .  

We have 
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therefore the equation becomes 
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Equaling the components of the column matrices by above equation, it results the system 
of equations 

                  40ˆ20 0 x ,    ixi  14ˆ18 1 , 40  ,    ixi  14ˆ18 3 ,  

from which it is obtained the solutions  
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and the compatibility condition 0 . The unknown px 2ˆ  can not be determined, 

leaving a real parameter. For 0  the convolution equation have no solution. For 0
, the equation has an infinity of solutions, given by the formula 
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Verification  

We verify the above result by circular convolution, computed by aliasing method. 
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Remark. The above example is the particular case for 10,8  nm  of the same equation 
with the dates 



 TmmA 1111    and  TnnnnB   2222 . 

The author uses such exercises with parameters for student works, especially to masters. 
Every student has a particular pair of parameters m  and n , for example they can be the 
row and column on which found the place of the student in the seminar room. Thus, every 
student has quantitatively his individual problem to solve, but all these problems are 
qualitatively the same.  
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