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Abstract

We present elementary proofs to some formulas given without proofs by K. A. West and J.
McClellan in 1993, B. L. Evans and J. H. McClellan in 1994, and J. Cavicchi in 2002, for
the calculation of the convolution integrals and sums of piecewise defined functions.
Unlike “divide and conquer” strategy, these formulas are of the type *““conquer what is
divided™.

Applications to differential equations, probability theory and linear discrete system theory
are given. An example in connexion with the commutativity of the convolution product is
also given. For completeness, in Annex we include a proof of the well-known elementary
solution method for solving non-homogeneous linear differential equations with constant
coefficients, used in the first application. The present work is part of a series of the
author’s articles, some of which being published in this Journal, that present the products
of convolution, both in discrete and continuous case, and some of their applications.
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1. Introduction

In mathematics and its applications, the functions to be used are not always as good as we
would like. So, most of them are piecewise defined by different analytical formulas. Thus
can be, for example, the coefficients and the right side of a non-homogeneous linear
differential equation we want to solve. Of course, it can be solved separately on each
interval. But this is very slow procedure. More useful is a method applicable to the matter
considered as a whole. For the mentioned problem, such a method consists in computation
by the formulas presented in this paper of the integral of convolution between the right
side of the equation and its elementary solution. This will be made in the application
given in Section 5.1.A first method for calculating convolution integrals and sums of
piecewise defined functions, was given in the papers [4] and [2]. It corresponds to below
corollaries. A more compact formula was given by T. J. Cavicchi in [1], its result being
presented in theorem 1 from Section 2 in continuous variable case and in theorem 2 from
Section 3 in discrete variable case. The main purpose of these formulas is to indicate the
real limits of integration, respective summation. Because in the cited papers, the proofs
are only sketched, we will give in Sections 2 the elementary but rigorous proofs of these
formulas in continuous variable case. In case of discrete variable they are similar and will
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be omitted from Section 3. Both a special case and the cases when the support intervals of
the factor functions have some infinite limits, are given in Section 4.

A rather difficult method for calculating the convolution integrals based on
representations of the factors by step-functions, was given by I. S. Goldberg, M. G. Block
and R. E. Rojas in [3].As is known, the convolution product is used in many chapters
from mathematics, physics and technology. Therefore these formulas for a fast calculus of
the convolutions can be used in these areas. For example, we give in Section 5 a few such
applications. As noted above, in Section 5.1 we determine a particular solution of a non-
homogeneous linear differential equation with piecewise constant coefficients and
piecewise continuous right side. This is made by convolution between the right side of the
equation and its elementary solution, both piecewise defined functions. For completeness
we give in an Annex the proof of the elementary solution method.

In Section 5.2, the convolution formula is used to compute the probability distribution
function of the sum of two independent random variables as convolution of their
distribution functions. In Section 5.3, we present two applications to linear discrete
system theory. In Section 6 is given an example which shows that although the

convolution is commutative, (f *g)(x)= (g * f )(x), calculation of the two products is

different. In all these applications, the convolution integrals and sums between piecewise
defined functions that arise, will be calculated using the formulas presented in Sections 2,
3and 4.

Because the formulas presented in this paper are elementary, mainly consisting in
calculations of integrals or sums, they can be used in the teaching process, as applications
of the mathematical analysis in equations, probability and different chapters of physics.

2. Continuous Variable Case

The convolution product of two functions of real variable with complex values f(x) and
g(x) is defined by the well-known formula

0

(f+g)(¥)=[f(y)a(x-yhy. @9

—00

Theorem 1c (Continuous Case). If The Functions f And g Are Integrable On The
Intervals

[I(f),r(f)] and [I(g),r(g)] and zero otherwise, then the convolution product f *g
takes the form

min(r(f),x-1(g))
(Fxg))= [f(Yalx—yldy vxe[l(f=g)r(f=g)l, ()
max(I(f).x-r(g))

and zero otherwise, where 1(f *g)=1(f)+1(g) and r(f *g)=r(f)+r(g).



Proof. When x<I(f xg)=I(f)+1(g), for y<I(f) we have f(y)=0, and for
y>1(f) we have x—y<x—I(f)<I(g), hence g(x—y)=0. Therefore, in this case
we get (f *g)(x)=0. Same result is obtained when x > r(f *g).

Now suppose that 1(f *g)<x<r(f *g).If y<max(I(f)x—r(g)), we consider the
following two cases:

1) If x<I(f)+r(g), then x—r(g)<I(f), hence max((f),x—r(g)):l(f). It results
y <I(f), hence f(y)=0, and therefore (f *g)x)=0

(
2) 1f x>1(f)+r(g), then I(f)<x—r(g), hence max(I(f),x-r(g))=x-r(g). It
results y<x-r(g), hence x-y>r(g). We obtain g(x—y)=0, hence

(f*g)x)=

Same result is obtained when y>min(r(f),x—1(g)). Therefore, formula (ic) is
reduced to (2c).

We denote A(f)=r(f)-I(f)and A(g)=r(g)-1(g), the lengths of the two support
intervals of the factor functions f and g, and

m=min(I(f)+r(g).r(f)+1(g)), M =max(1(f)+r(g)r(f)+1(g)).
Obviously, I(f *g)<m<M <r(f*g).

Corollary. In assumptions of the theorem 1C, the convolution product is given by formulas

x-1(g)

(F*g)x)=[f(y)alx—y)y,vxe[i(f*g)m] (o)
(f+g))= [f(y)ax-yhy, vxe[mM] if 2(g)<A(f), (40)
(fg)x)= [f(y)g(x—y)dy, vxe[mM], if 2(f)<A(g),  (5c)

(fxg)x)=[f(y)a(x—y)dy,vxe[M,r(f*g)]. (6c)
x-r(g)
Proof. If x<m, then x<I(f)+r(g) and x<r(f)+1(g), hence x—r(g)<I(f) and
~1(g)<r(f). In  this  case max(I(f ), x—r(g))=1(f) and
min(r(f),x—1(g))=x—-1(g), therefore formula (2c) reduces to (3c). Analogously, if
x> M, formula (2c) is reduced to (6c).



Now we suppose that m<x<M . If A(g)<A(f), then r(g)-I(g)<r(f)-I(f),
hence

I(f)+r(g)=m<x<M=r(f)+I(g).

In  this  case I(f)<x-r(g) and x—1(g)<r(f), hence
max(I(f ),x—r(g))=x-r(g) and min(r(f),x—1(g))=x—-1(g), therefore formula
(2c) is reduced to (4c). Analogously, if A(f)< A(g), formula (2c) is reduced to (5c).

Remark. Throughout the work, each function is given on its support interval, being zero
otherwise.

3. Discrete Variable Case

The convolution product of two functions of integer variable with complex values f(n)
and g(n) is defined by formula

(f=g) Zf g(n—k). (1d)
As in Section 2, we can show the followmg discrete results:

Theorem 1D (Discrete case). If the functions f(n) and g(n) are on the intervals

[I(f),r(f)] and [I(g),r(g)] and zero otherwise, then the convolution product f *g

takes the form
min(r(f),n-1(g))

Y fk)gh-k). (2d)

(
(f*g)n)=
k=max(I(f),n-r(g))

Corollary. In assumptions of the theorem 1D, the convolution product is given by
formulas

(f *g)(n): f k), vne[l(f*g)m], (3d)
(f*g)n)= f k)g k), vne[mM],if A(g)<A(f), (4d)

(f*g)n)= f(k)g(n—k), vne[mM],if A(f)<A(g), (5d)

=~
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—
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4, Remarks

1) If A(f)=4(g), then m = M and the convolution has only cases (3) and (6).

2) Formulas given in theorem and its corollary, both for continuous and discrete variable,
also apply if some of the extremities of support intervals [I(),r()] and [I(g),r(g)] of
functions f and g are infinite. In these cases, some of the formulas (3)-(6) must to be
omitted. For example, if r(f)=co, then M =r(f % g)= oo, hence the convolution has
only the cases (3) and (4). If in addition r(g): oo, then m =oo and the convolution is

calculated only with the formula (3). In this case, if I(f)=1(g)=0, the formula () is
reduced to the causal convolution

f *g(x):.foX f(y)g(x—y)dy, x>0, respective f *g(n):zn: f(k)g(h-k), n>0,

k=0
and zero otherwise.

3) A function f is named piecewise defined if f =ZE:1 f,, where f, are functions
with  disjoint support intervals. If g:Zng is another such function, then

n m - - -
fxg= zkzlzjzl f, *d; , hence the convolution product of such functions is reduced

to the above-mentioned case.
5. Applications

5.1. Differential Equations

A particular solution for a linear non-homogeneous differential equation with constant
coefficients can be obtained by the convolution between the elementary solution of the
equation and its right side.

The integral convolution formulas presented in Section 2 can be used when the right side
of the equation is a piecewise continuous function and its coefficients are piecewise
constant functions.

Example 1. Let us determine a particular solution of the differential equation

I u"(x)+k(x)u(x)=v(x),x [0,:), satisfying the initial  conditions
u(0)=u’(0) = 0,when



Solution. We denote v,(x)=1, x € [0, 7] and v,(x)= X, x € (7,).

If Xe |:O,57ﬂ} , the equation has the form u"(x)+ U(X) = V(X). The elementary solution

is the solution of the homogeneous equation u”(x)+u(x)=0, that satisfies the initial
conditions u(0)=0, and u'(0) =1, hence is the function E,(x)=sinx, Vx €[0,).

The solution is u(x) v, * E (X)+Vv, * E,(x), where
J'v1 y)E,(x—y)dy, so v, *E( J'sm X —y)dy =1-cosx,

maxO oo

vxelo,z],

vl*E jsmx y)dy——Zcosx VXE( 5:},and

mm(oo x) X
v, *E (x)= J-vz(y)El(x —y)dy,so v, *E,(x)= '[vz(y)El(x —y)dy =0, because
max(7z,~») 7
v,(y)=0, for Vxel0,z], v,*E( jysmx y)dy = X+ 7cos x +sin x,
VXe (71,5—7[]
4

If Xe (STﬂ,ooj, the equation has the form u”(x)+4u(x)=v(x), with the elementary

solution Ez(x):%sin(Zx), Vx e |0,0). The solution is
u(x) v, * E,(x)+V, *E ( ) where
mmJ_V1 jvl(y)Ez(x —y)dy =0, because v,(y)=0,
m:'(”?wj) O I X 1.
v, * E,(x)= max({yigy)Ez (x—y)dy = E;[ ysin2(x — y)dy = " —Zcos(2x)—§sm(2x)

Therefore, the solution is



1-cosx , e[
U(X)= X+(7r—2)cosx+sinx , Xe(;z',s_ﬂ-:|

5——cos(2x)—13|n 2x) (—” j
4 4 8 4

(and zero otherwise).

5.2. Probability Theory

Because the probability distribution function of the sum of two independent random
variables is the convolution of their distribution functions, it can be calculated by
formulas given in Section 2.

Example 2. Let X and Y be independent continuous random variables having the
distributions f(x)=3(1—-x)*, xe[01] and g(x)=1/2, x [-11]. Let us determine
the distribution of the sum X +Y .

Solution. The requested distribution s frg(x)= .[ f(y)g(x—y)y
3 min(L,x+1) x+1 h
=3 j(l— yfdy, Vxe[-12], hence fxg(x)= j )zdy ~(x+1),
max(0,x-1)
37 01
Vxe[-10], f *g(x):EJ.(l—y) dy:E, vxelod], because
0

1
L(f)=1<2=L(g), f*g(x)= g J-yfdy=—j -2 vxehal. e
function f * g(x) being zero otherwise.

5.3. System Theory

Example 3. We consider a time-invariant linear discrete system having the output
(1,0,—q2,q3,0,q6,2q7) when the input is (1,—q,—q2,2q3). Determine  the output
corresponding to input f(n)=q", ¥ne [O,a], where g # 0 is a complex number and
a # 0 a natural number.

Solution. The considered system is represented mathematically by a convolution operator
with a sequence h(n) named impulse response or weight sequence of the system.

Namely, the relation between an arbitrary input f(n) and its corresponding output g(n)
is given by the formula g(n)=(f *h)n). The transfer sequence h(n) can be



determined by the inverse operation of discrete convolution, named deconvolution or long
division,

1 0 -0° g q° 0 q° 29 1 -9 -9° 2¢°

2q° 1 9 9 ¢ ¢

9 -q* -q° 2¢°
I q* -9° -q° 29’
q* -9° -q° 2’

min(e,n) min(e,n)

g(n)=(fxh)n)= > q“a"* = > a"=[min(a,n)-max(0,n-4)+1]q" =
k=max(0,n-4) k=max(0,n—4)
= {[n +1-maxOn-4l" ,  0<nsa, and zero otherwise.
[ +1-max(0,n-4)]q" , a<n<a+4
(n+)g" , O a,
For o <4,weget g(n)=1 (¢+1)q" , a<n<4,
(@+5-n)g" , 4<n<a+4
(n+1)g" , 0<n<4,
For a =4, we get g )_{(Q—n)q” ' as
(n+1)q" <4,
For o >4, we get g(n): 59" ., 4<n<aq,



Example 4. Consider a system as in example 3, having the transfer sequence h(n) =p",
¥n > [. Determine the output corresponding to input f (n): q", Vvn>a.Here p=0
and g = 0 are complex numbers while & and f are integer numbers.

Solution. The desired output is g(n)=(f *h)n), Yn>a+ . In this case the
convolution product must be calculated only with formula (3d). For p=qg and
N>+ [, using formula for the sum of a geometric progression, we get

n-pg-a+l
n-p n-p k “1_(2] a AN+l-a n+l-p4
n- n q nf 9 qap - p’q
) kz kz p p ] p—q
Y

For p=qand n>a + S, we get
n-p n-pg
=Z pkpn—k =Z pn =(n—ﬂ—a+1)p”.
k=a k=a
6. On The Commutativity Of The Convolution Product

As convolution product is commutative, the products (f * g)(x) and (g * f )(x) have the

same value, but their calculation is different. We present an example that will show it in
different situations.

Example 5. Calculate the convolution products (f * g)(x) and (g * f )(x) for functions
f(x)=1, ¥xe[-11] and g(x)=x, Vxe[0,a], with a >0, zero otherwise.

Solution. We have I(f)=-1, r(f)=1, A(f)=2, 1(g)=0, r(g)= (g)

m =min(a—-11), M =max(a-11), I(f*g)=1(g=*f)=-

r(f =xg)=r(g=*f)=1+a.

For a<2, m=a-1, M =1and A(g)< A(f), hence from (3c), (4c) and (6c), we have

(f *g)(x):j'(x—y)dy:@,We[—l,a—l],(f xg)x)= JX. (x—y)dyza—z,

-1 X-a 2
A a?—(x-1f
vxela-11], (fxg)x)= I(x— y)dy = - Vxe [L1+a] and from (3c),
I (x+1) vxel[-1a-1],

(5c) and (6c), we have (g* f)(x): J. ydy =

(0 000=Jyty=2.  weela-tal (ge 1))= | yay =T

0 x-1

vxelll+al.



For a=2, m=M =1, hence from (3c) and (6c), we have

(f*g)x)= f(x— y)dy=@,v>< e[-11],

(f*g)x)= j(X—y)dy:4_(+1), vx e[1,3] and from (3¢) and (6c), we have

(g*f)x)= Xfydy: (X;l)z . wxel-11], (g f)x)= .2[ ydy=ﬂ,

0 x-1 2
vx e[13].
For a>2, m=1, M=a-1 and A(f)<A(g), hence from (3c), (5¢) and (6c), we
have  (f *g)(x):j‘(x—y)dyz (X;l) Vxel[-11],(f *g)(x):J.(x—y)dy=2X,
vxelLa-1], (f xg)x)= j(x—y)dy: az_(+1), vx e[L1+a] and from (3c),
(4c) and (6c), we have (g f)(x):x.f ydy = (x ;l) vx e[-11],
X+1 a az—(X—l)z
(9x )= [ydy=2x,  wxefta-1l.  (gxf)x)= [ ydy="—"—".

vxela-11+a].

7. Annex: Solving Linear Differential Equations By Elementary Solutions

We present in the following theorem the elementary solutions method of solving non-
homogeneous linear differential equations with constant coefficients.

Theorem. The non-homogeneous linear differential equation

Z::oan—ku(k)(x): V(X)’ X € [Xo,oo) (7

with constant coefficients a, =1, a,, k=01,...,n—1, has a particular solution that

satisfies the initial conditions u(k)(xo):o, k=01,...,n, given by the convolution
formula

u(x)=v*E(x)= [ v(y)E(x-y)dy, @

where E(x) is the elementary solution of equation, namely the solution of the
homogeneous associated equation



> A, U¥(x)=0, xe[0,0) (9)

that satisfies the initial conditions

E®(0)=0,k=01...,n-2,  (10)

ECY(0)=1. (1)

Proof. If u(x) is given by formula (8), by differentiation of the integral with respect to its
parameter X and taking into account the initial conditions (10) and (11), we obtain

u®(x)

u™(x)

_ LX V(Y EM(x=y)y, vk=1...,n-1, (12)
- J'XXO V(Y EM (x—y)dy+v(x).  (13)

Using relations (8), (12) (13), it results

Zﬁzoan_ku(”(X) o, VYE“ (x—y)dy +v(x)=

=J vy

the last

> 0@ B (x=y)dy +v(x) = v(x),
equality resulting from the relation (9) applied for u(x)= E(x—y). Thus, the

function u(x) given by formula (8) is solution of equation (7). From (8) and (12), it also
results that u(x) has zero initial conditions.
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