LINEAR DISCRETE CONVOLUTION AND ITS INVERSE.
PART 1. CONVOLUTION
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Abstract

We present here several ways of calculating the linear discrete convolution, its inverse -
the deconvolution, by direct methods, generator functions, Z-transform, using matrices
and MATLAB. These notions was used by author in a series of papers, especially for
solve several types of equations.
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Introduction

The convolution is a fundamental concept in mathematics and applications. The use of
the convolution and other related notions, as its inverse - the deconvolution, to solve
several kinds of equations is particularly of a great importance and was considered by the
author in a series of papers, [1] — [6]. They also play a fundamental role in the study of
linear physical discrete systems, causal, time-invariant.

In this part of the paper, we present the notion of linear discrete convolution in complete
and also in truncated form. We give here the algorithms for calculus of these notions. Are
considered both direct algorithms and those based on Matlab, generator functions, Z-
transform and matrices. Examples are included. Other algorithms for calculating discrete
convolution are given in the book [8].

I. Complete convolution
1. Linear discrete convolution in complete form

We call discrete convolution (or Cauchy product) of two finite sequences of real
or complex numbers, a=(ay,a,,...,a,) and b=(b,,b,,..,b,), of the lengths
m+1 and n+1, the finite sequence

c=a*b=(c,,cC,....C,.,) (1)

1 ¥m+n

of the length m+n+1=(m+1)+(n+1)-1, with the terms given by the relations
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Co = by, ¢, =ah, +a,h,,...,c, :zjzoak_jbj Coon =20, .

()

The convolution is commutative, associative, distributive with respect to the addition
of the sequences and has the unit o = (1,0,0,...,0). The addition and the multiplication
with scalars of the sequences are the usual ones.

A simple direct algorithm for calculating the convolution product consists in writing
the two factors on rows, one under the other, and in multiplying each terms of the first
factor by every term of the second and writing these partial rows on the right, starting
with position of the considered term of second factor. The convolution product will result
by adding these partial rows.

Example. In the examples throughout this first part of paper, we consider sequences
a= (1,2,0,—1,1), b= (1,3,—1,—2) and their convolution product c=ax*b. The
convolution can be calculated by the algorithm

2 0 -1 1
3 -1 -2
1 2 0 -1 1
3 6 0 -3 3

-1 -2 0o 1 -1
-2 -4 0 2 -2
1 5 5 -5 -6 4 1 -2

therefore is ¢ =a*b =(1,5,5,-5,-6,4,1,-2).
2. Computing complete convolution by generating function

It is called generating function (see [10]) of a finite sequence a = (ao,ai, ey am) the

polynomial (G(a))(z)=>_ az*, vzeC.1f (G(b))(z)=>_ b,z"is the generating
function of b, then

@) (G(axb))(z)=(G(a))(2) (G(b))(2). vzeC.

The convolution product of the sequences a and b can be calculated
using the formula (3).



Example. (G(c))(z)=(G(a*b))(z)=(G(a))(z) (G(b))(z)=

=(+22-2°+2'f1+32-2% —27°)=1+52+52° ~52° —62" + 2° — 27
and is obtained the same convolution product C as above.
3. Computing complete convolution by Z-transform

It is called Z-transform of a finite sequence a=(a,,a,,..., a,) the
rational function (Z@)(z)=>  az" vzeC. If
(Z(b))(z)=3" bz ™ is Z-transform of b, then

@ (2(a*b))(z)=(2(a))(2)(Zb))(z). vzeC.

The convolution product of the sequences a and b can also be
calculated using the formula (4).

Example. (Z(c))(z)=(Z(a*b))(z)=(2(a))(z)(Z(b))(z)=
=(+22 -2+ 2 482 - 22 -22%)=
=1+52'+52%2-52° -6z +2°-2z7,

and is obtained the same convolution product C as above.

4. Matrix calculation of linear discrete convolution in complete form

We associate with the sequence a the matrices M(a)eM .1 and

C(a)e M, .., given by relations

_ ao - _ ao _
& G &
: a :
a : a a
M (a) _ m-1 0 C(a) _ m
am am—l a1 ao 0
a, : - 0
am—l am—Z aO :
L a, Apy 0 & 8y L 0 |

The convolution product can then be calculated by relations
M(a*b)=M(a)M(b), C(a*h)=M(a)C(b). ()



Examples. We have

1 0 0 0 0 0 00][1 0 0 0 0000
3 1 0 0 0 0 00//2 1 0 0 0000
13 1 0 0 000//0 2 1 0 0000
2 -1 3 1 0 000[-1L0 2 1 0 00 0|
0 -2 -1 3 1 0o00||1 -1 0 2 100 0|
0 0 -2 -1 3 1 00//0 0 -1 0 2 100
0 0 0 -2 -1 3 10//0 0 0 -1 0 210
0 0 0 0 -2 -131]/0 0 0 0 -10 2 1
1 0 0 0 0 0 0 0]

5 1 0 0 0 000

5 5 1 0 0 000
|-5 5 5 1 0000
|6 -5 5 5 1 00 0"

4 -6 -5 5 5 100

1 4 -6 -5 5 510

-2 1 4 -6 -5 5 5 1]
M1 0 0 0 0 0O0|2] [1]

3 0O 0 0 0 0 0f2
-1 1 0 0 0 00|/l0] |5
2 -1 3 1 0 0 0 0|l-1] |-5

0 -2 -1 3 1 0 0oll1] [-6/

0 0 -2 -1 3 1 0ollo] |4

0 0 0 -2 -1 3 10|lo] |1
0 0 0 0 -2 -13 1]|0] |-2]

and is obtained the same convolution product ¢ =a*b as above.
5. MATLAB calculation of complete convolution

The convolution product of the sequences a and b can be computed in MATLAB by
instruction conv(a,b), that calculate the product of the polynomials having terms of



sequences a and b as coefficients, hence the product of the generating functions of
these sequences.

Example. a=[120-11], b=[13-1-2], c=conv(a,b)
I1. Truncated convolution

6. Linear discrete convolution in truncated form

Very useful is also the truncated form of linear discrete convolution (see [7]),

which is calculated with a smaller number of arithmetic operations. Truncated
convolution is calculated by the same formula used above, but only for sequences that
have the same length, the result also having the same length as the factors. More exactly,

let a=(a,,a,,...,a,) and b=(by,b,,....b,) be two sequences of the same length n+1.
Truncated convolution of a and b is the sequence ¢ =ax*b = (co,cl,...,cn) of the same
length n+1, whose coefficients are given by the formula

k
CkZijoak—jbjl k=0,1,...,n. (6)

This convolution is also commutative, associative, distributive with respect to the addition
of the sequences and has the unit o = (1,0,0,...,0), sequence of length n+1.

Truncated convolution can be calculated by each method given above, but truncated, with
fewer calculations. We present below how the truncated convolution can be computed for
the sequences from the previous examples, considered now of the same length, by adding

a zero to the right of the shortest of them, namely C = a*B for a= (1,2,0,—1,1) and
b =(13-1-2,0).

Example. We have the truncated algorithm

2 0 -1 1

3 -1 -2 0

1 2 0 -1 1
3 6 0 -3

-1 -2 0

-2 -4

1 5 5 -5 -6

hence € =a*b =(155,-5,-6).



7. Computing truncated convolution by generator function
Example. We consider only polynomials up to degree 4, so
(6(E)(2)=(6laxb)2)= (C(@)(2) 66 )2)-
=(1+22-2°+2*J1+32-2° - 22°)=1+52+ 522 ~57° - 62",
and is obtained the same convolution product ¢ as above.
8. Computing truncated convolution by Z-transform

Example. We consider only Z-transform up to power —4, so

<<m>=@@%Wazc<m>((Ma
—(+22 -2+ 2 (482 - 22— 22%)=
:1+52’1+52’2—52’3—62*“,

and is obtained the same convolution product ¢ as above.

9. Matrix calculation of linear discrete convolution in truncated form

1on
sequences a=(a,,a,,...,a,) and b=(b,,b,..,b,) results by one of
formulas (5), in which matrices M(a)e M and C(a)eM,,,, are
given by relations

By matrix method, the truncated convolution ¢=(c,,...,c,) of the

n+1,n+1

a, O 0 O a,
a a - 0 0 a,
M(@)=| : = . 1 | Cla)=]| : | (7)
Ay 2 & Ay
la, a,., a, a| | a, |

Example. We have

1 0 00 of1 0 00
2 10003 1 0 00

M@Mb)=| 0 2 1 0 of-1 1 0 0|=
10 210[-2-13 10
1 102 1)0 -2 -13 1




1 0 0

5 1 0

-5 5 1

5 5 5

-6 -5 5

10 0

2 1 0
M@ch)=| 0 2 1
10 2

1 -1 0

o, O O O

O O O

2

O O O O

o O O o

1

:M(a*E)zM(E), or

R
3
-1
-2

L 0]

-5

__ 6_

=C(a*5):M(E),

and is obtained the same truncated convolution C = a * 5 as above.

10. MATLAB calculation of truncated convolution

We can easily create in MATLAB a new instruction, named ¢ =tconv(a,b),
which unlike conv(a,b), to compute the truncated convolution ¢ =ax*b, with a,b,c of

same length.

Example. a=[120-11], b =[13-1-20], E:tconv(a,g).

11. Linear discrete convolution of infinite (unilateral) sequences

For two infinite (unilateral) sequences a=(a, :keN) and b=(b, :keN), the
linear convolution ¢=ax*b=(c,:k € N) is defined by formula (6) for every ke N.

The methods for calculating the truncated convolution apply in this case, with remarks
that the index k is now a natural number, the matrices are infinite, and the finite sums

must to be substitute with series, in case the latter are converging.

If a, b and c are above sequences of numbers, then the product of series

Z::o a_ and Z:;O b, is given by formula

PINCDIFLEDINTY

(8)

About the convergence of these series, we know two main results (see [9]) :



Cauchy theorem. If series anoan and anobn are absolutely convergent,
then series >~ ¢

-0 N

is absolutely convergent.

Mertens theorem. If one of series z:zoan and Z:;Obn is convergent, and

the other is absolutely convergent, then the series )~ c

_,Cn s convergent.

For power series, there is a similar result with (8), namely

Z_O ) z b, x" —z L Cox"
9)
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